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Abstrat.
The question on expansion of moving volume inside of a smooth ow of the om-
pressible liquid is under onsideration. We nd a ondition on initial data suh that
if it holds, then within a nite time either the boundary of the moving volume attains
a given neighborhood of a ertain point (that do not belong to the volume initially),
or some a priori estimate for the pressure on the boundary of volume fails.
Let us onsider the following system of onservation laws
ρ(∂tV + (V,∇)V) = −∇P, (1)
∂tρ+ div (ρV) = 0 (2)
∂tS + (V,∇)S = 0. (3)
The density, veloity vetor and entropy (ρ,V = (V1, ..., Vn) and S, respetively) are
unknown. These funtions depend on time t and on point x = (x1, ..., xn) ∈ Rn. Here
P (t, x) is the pressure, γ is the adiabati exponent (γ = const > 1). We onsider (1
 3) together with the state equation
P = ργeS. (4)
It follows from (3) and (4), that for smooth solutions
∂tP + (V,∇P ) + γP divV = 0 (5)
holds.
We set the Cauhy problem for (13), namely,
ρ(0, x) = ρ0(x), V(0, x) = V0(x), S(0, x) = S0(x). (6)
Aording to (4), the pressure P (t, x) an be expressed initially through initial data
(6) as P (0, x) := P0(x) = ρ
γ
0 (x)e
S0(x).
Problem (13, 6) has a solution so smooth as initial data (loally in time), that
is, for example, if the initial data are of lass C1(Rn), then there exists suh T∗ > 0,
that for t ∈ [0, T ], T < T∗, the solution to system (13) will be lassial ([1℄,[2℄). The
pressure has the smoothness C1 as well.
2We onsider a finite moving volume V(t)(may be, disonneted), with the smooth
boundary ∂V(t), onsisting from the same partiles.
We suppose that initially a ertain point x0 do not belong to V(t). Let us set
the following question: what onditions we have to impose on initial data provided
they are known only inside V(0), to guarantee that within a time where the flow
keeps smoothness, the boundary of given moving volume will attain a given ε -
neighborhood of point x0? It is lear that for the answer to this question it needs
to do some assumptions on the thermodynami values in the whole spae, not only
inside V(0).
It is known that the lose of smoothness signifies that either the solution itself
or its gradient rase without bound [1℄,[2℄,[3℄. As the solution keeps smoothness at
t ∈ [0, T ], T < T∗, then there exists M(T ), suh that∣∣∣ ∫
∂V(t)
(
x
|x| ,N)P (t, x) dΓ
∣∣∣ ≤M(T ),
where dΓ is an element of surfae ∂V(t). The assumption is that we know the on-
stant M(T ) in advane.
Definition We will say that the pressure in the moment t is distributed along
the boundary ∂V(t) of domain V(t) regularly with the onstant M ≥ 0, if∣∣∣ ∫
∂V(t)
(
x
|x| ,N)P (t, x) dΓ
∣∣∣ ≤M. (7)
We point out that if the pressure P (t, x) is onstant, then the integral in the left
hand side of (7) is equal to zero. When we set M suffiiently small, we assume that
the volume will not our in the zone of large gradient of pressure.
Let us reall that equations (13, 5) are differential orollaries of onservation
laws (namely, onservation of mass m, impulses and total energy E) taking into
aount the first law of thermodynamis [4℄. In our notation
m =
∫
V(t)
ρ(t, x) dx;
in the terms of density, veloity and pressure the total energy has the form
E =
∫
V(t)
(
1
2
ρ(t, x)|V|2 + 1
γ − 1P (t, x)) dx.
Let us introdue the funtional
Gφ(t) =
∫
V(t)
ρ(t, x)φ(|x|) dx.
We denote σ = (σ1, ..., σK) the vetor with omponents σk = Vixj − Vjxi, i >
j, i, j = 1, ..., n, k = 1, ...,K, K = C2n.
Lemmas 1 and 2 ontain some properties of Gφ(t), that we use below.
Lemma 1. Let us suppose that φ(|x|) belongs to the lass C2 inside V(t). For
lassial solution to system (1), (2), (5) the following equalities take plae:
dGφ(t)
dt
=
∫
V(t)
φ′(|x|)
|x| (V,x)ρ dx,
3d2Gφ(t)
dt2
= I1,φ(t) + I2,φ(t) + I3,φ(t) + I4,φ(t),
where
I1,φ(t) =
∫
V(t)
φ′′(|x|)
|x|2 |(V,x)|
2ρ dx,
I2,φ(t) =
∫
V(t)
φ′(|x|)
|x|3 |σ|
2ρ dx,
I3,φ(t) =
∫
V(t)
(φ′′(|x|) + (n− 1)φ
′(|x|)
|x| )P dx,
I4,φ(t) = −
∫
∂V(t)
φ′(|x|)
|x| (x,N)P dΓ,
where N is the outer unit normal to the boundary ∂V(t).
To prove Lemma 1 we firstly apply the formula of differentiation with respet to
time for the integral taken over a moving volume [4℄, namely,
d
dt
∫
V(t)
f(t, x)dx =
∫
V(t)
(∂f(t, x)
∂t
+ div(f(t, x)V)
)
dx,
then we use the general Stokes formula. For example, taking into aount (2) we
get that
dGφ(t)
dt
=
∫
V(t)
ρ′t(t, x)φ(|x|) dx =
∫
V(t)
(
−div(ρV)φ(|x|) + div(ρVφ(|x|))) dx =
=
∫
V(t)
(∇φ(|x|),Vρ) dx = ∫
V(t)
φ′(|x|)
|x| (V,x)ρ dx.

Lemma 2. Let φ′′(|x|) > 0. Then in the assumptions of Lemma 1(
dGφ(t)
dt
)2
≤ sup
x∈V(t)
(φ′(|x|))2
φ′′(|x|)φ(|x|) Gφ(t)
∫
V(t)
φ′′(|x|)
|x|2 (x,V)
2ρ dx .
To prove this Lemma it is suffiient to apply the Holder inequality to the integral
dGφ(t)
dt . 
Let us hoose φ(|x|) = |x|q, q < 0. We will denote in this ase Gφ(t), dGφ(t)dt ,
Ii,φ(t), i = 1, ..., 4 as Gq(t), Fq(t), Ii,q(t), respetively. We note that for this hoie
of φ(|x|) the value of Gq(t) is non-negative.
To failitate the formulation of results we introdue the following denotation:
Qq(t) :=
2mE
1 + |q|
(
1 +
εM
2E
− |q + n− 2|CG
γ
q (t)
2E
ε−(qγ+n(γ−1))
)
, (8)
Rq(t) := (|Qq(t)|)1/2 (9)
where C is a positive onstant, depending on initial data, n and γ, defined below in
(14),(15),(16), ε > 0, M ≥ 0. We will denote dist(∂V(t), x0) the distane from the
boundary of moving volume to x0 = 0.
The main result of the paper is the following theorem:
4Theorem 1. Let a nite moving volume V(t) of ompressible liquid (subjet to
system (13)) with C1 - smooth boundary ∂V(t) do not ontain a ertain point x0.
Suppose that the ow is C1  smooth for all t ∈ [0, T ], T ≤ ∞, and the pressure
along the boundary ∂V(t) is distributed regularly with a onstant M uniformly in t
for t ∈ [0, T ]. Let us suppose also that s0 := min
Rn
S0(x) > −∞.
Choose some real numbers q < −n − 2γ−1 and ε, where ε is suh that 0 < ε <
dist(∂V(0), x0).
Then for all initial data (6) there exists suh onstant δ ≤ 0, depending on
ε, q, T, M, n, γ,m, E, Gq(0), s0, that if initially∫
V(0)
|x− x0|q−2(V(0, x),x − x0)ρ0(x) dx < δ, (10)
then within a time t1, later then T, the boundary of given liquid volume will attain
the ε  neighborhood of point x0.
More preisely, if
Qq(0) > 0, then δ = −εq−1Rq(0)cth
(
(|q|+ 1)Rq(0)T
2εm
)
, (11)
if
Qq(0) = 0, then δ = − ε
qm
(|q|+ 1)T , (11
′)
if
Qq(0) < 0, T ≥ piε
2(|q|+ 1)Rq(0) , then δ = 0, (11
′′)
if
Qq(0) < 0, T <
piε
2(|q|+ 1)Rq(0) , then δ = −ε
q−1Rq(0)ctg
(
(|q|+ 1)Rq(0)T
εm
)
.
(11′′′)
Remark 1. Condition (10) requires that the integral in its left hand side will be
negative and, generally speaking, suffiiently large by modulus. To guarantee this,
either the boundary of volume V(0) should be suffiiently lose to the point x0, or
the veloity and density should be large inside the hosen volume. The negativity
of integral is onneted with the fat that the vetor if veloity inside the volume
initially "in average"forms the obtuse angle with the vetor x− x0.
Proof of Theorem 1. For the simpliity we take x0 = 0. If the theorem statement is
not true, then, despite ondition (10), there exists ε > 0 suh that the neighborhood
Bnε (0) = {x ∈ Rn
∣∣|x| < ε} will never belong to the moving volume V(t), if initially
the origin do not belong to V(0).
Sine 0 /∈ V(t), then aording to our assumption φ(|x|) has no singularities inside
V(t).
It follows from Lemma 2 that
(Fq(t))
2 ≤ |q|+ 1|q| Gφ(t)
∫
V(t)
φ′′(|x|)
|x|2 (x,V)
2ρ dx. (12)
Further we apply Lemma 1 together with (12) and get that
dFq(t)
dt
≥ |q|+ 1|q|
Fq(t))
2
Gq(t)
+ I2,q(t) + I3,q(t) + I4,q(t), (13)
5with
I2,q(t) = q
∫
V(t)
|x|q−4|σ|2ρ dx,
I3,q(t) = q(q + n− 2)
∫
V(t)
|x|q−2P dx,
I4,q(t) = −q
∫
∂V(t)
|x|q−1( x|x| ,N)P dΓ.
The first item in this sum is non-negative, the seond item is non-positive, the tird
one is positive provided q < 2 − n and non-positive otherwise, the fourth one an
have any sight in dependene on the form of the boundary V(t).
Let us estimate these items. We obtain that
|I2,q(t)| ≤ 2|q|εq−2E,
|I4,q(t)| ≤ qεq−1M.
To estimate I3,q(t) we need the following Lemma.
Lemma 3. Let q < −n− 2γ−1 . Then, if Bnε (0) /∈ V(t), the following estimate holds:∫
V(t)
|x|q−2ργ dx ≥ C1Gγq (t)ε−((q+n)(γ−1)+2),
here the positive onstant C1 depends on γ, q, n.
Let us prove Lemma 3. Aording to the Holder inequality we have that
Gq(t) =
∫
V(t)
|x|qρ dx =
∫
V(t)
|x|qρ |x|
q−2
γ
|x| q−2γ
≤
≤

 ∫
V(t)
|x|q−2ργ dx


1
γ

 ∫
V(t)
|x| 2+q(γ−1)γ−1 dx


γ−1
γ
≤
≤ C2

 ∫
V(t)
|x|q−2ργ dx


1
γ
,
with
C2 =

 ∫
Rn\Bnε (0)
|x| 2+q(γ−1)γ−1 dx


γ−1
γ
=
=
(
σn(1− γ)
(q + n)(γ − 1) + 2
) γ−1
γ
ε
(q+n)(γ−1)+2
γ .
The integral onverges provided q satisfies to restritions from the statement of
Lemma 3.
Thus, we denote
C1 :=
(
σn(1− γ)
(q + n)(γ − 1) + 2
)1−γ
, (14)
and obtain the result of Lemma 3 after elementary alulations. 
6We ontinue the proof of the Theorem. Now we an estimate the integral I3,q(t)
from below. First of all, we point out that it is positive if q satisfies the restritions
from the Theorem statement, sine q < −n − 2γ−1 implies q < 2 − n. Further,
aording to equation (3) the entropy is onserved along trajetories of partiles.
Therefore S(t, x) ≥ min
Rn
S0(x) = s0. Let us denote
C3 = e
s0 . (15)
Sine we assume that s0 > −∞, then C3 > 0. It follows from Lemma 3 that for q
from the Theorem statement
I3,q(t) ≥ C|q||q + n− 2|Gγq (t)ε−((q+n)(γ−1)+2),
where the onstant C is defined as follows:
C := C1C3. (16)
Besides we have Gq(t) ≤ εqm.
Taking into aount all estimates obtained, we get from (13)
d
dt
Fq(t) ≥ |q|+ 1|q|
F 2q (t)
εqm
−2E|q|εq−2+|q||q+n−2|CGγq (t)ε−((q+n)(γ−1)+2)−|q|Mεq−1 =
=
|q|+ 1
|q|εqm (F
2
q (t)− q2ε2q−2Qq(t)), (17)
where Qq(t) is defined in (8).
We onsider firstly the ase Qq(0) > 0.
Assume that initially ondition (10) is satisfied with the value of δ, given by (11),
that is
Fq(0) > |q|εq−1Rq(0)cth(λT
2
), (18)
where λ :=
(1+|q|)Rq(0)
εm , the funtion Rq(0) is defined in (9).
As follows from (17), under this ondition within a time t ∈ [0, τ), τ > 0 the
funtion Fq(t), and, onsequently, Gq(t) will inrease. The funtion Qq(t) will de-
rease, inversely, as one an see from its expression. Thus, in the moment t = τ the
inequality
dFq(t)
dt
(τ) ≥ |q|+ 1|q|εqm (F
2
q (t)− q2ε2q−2Qq(0))
holds. Ating analogously, we an prolong the interval of dereasing of Qq(t) till
t ∈ [0, 2τ). By means of this proedure, we an in finite number of steps attain the
time T. So, for all t ∈ [0, T ) the inequality
dFq(t)
dt
≥ |q|+ 1|q|εqm(F
2
q (t)− q2ε2q−2Qq(0)) (19)
takes plae.
Let us note that ondition (18) signifies that inequalities
Fq(t) > |q|εq−1Rq(0)cth(λT ) > |q|εq−1Rq(0) (20)
hold.
Integrating (19), we obtain that
Fq(t) ≥ |q|ε
q−1Rq(1 +Keλt)
1−Keλt ,
where K = Fq(0)− |q|ε
q−1Rq(0)
Fq(0) + |q|εq−1Rq(0) = const. If (20) holds, then K < 1 and Fq(t)
beomes unbounded within a finite time t∗ ≤ T1 = 1λ ln 1K .
7However, as follows from the Holder inequality, |Fq(t)| is bounded, namely,
|Fq(t)| ≤ |q|εq−1
√
2mE. (21)
Thus, if we show that T1 < T, then we will go to a ontradition with the assumption
on smoothness of solution up to the moment T.
Indeed, we solve inequality
1
λ
ln
1
K < T,
and obtain that it holds if the ondition
Fq(0) > |q|εq−1Rq(0)e
λT + 1
eλT − 1
holds, it is the same as (18) (or (10)).
Now let Qq(0) = 0. Analogously to the preeding ase on an show that if on-
ditions (10) and (11') hold, then the funtions Fq(t) and Gq(t) inrease, therefore
Qq(t) dereases. So, we have from (17) that
dFq(t)
dt
≥ |q|+ 1|q|εqmF
2
q (t). (22)
Integrating (22) we obtain that for all Fq(0) > 0 within a time later then T2 =
|q|εqm
|q−1|Fq(0) , the funtion Fq(t) beome unbounded. Condition (10) is the requirement
imposed on Fq(0) for the implementation of inequality T2 < T.
At last, if Qq(0) < 0, then for any initial data suh that Fq(0) ≥ 0, funtions
Fq(t) and Gq(t) inrease, Qq(t) dereases, therefore from (17) we get
dFq(t)
dt
≥ |q|+ 1|q|εqm (F
2
q (t) + q
2ε2q−2|Qq(0)|). (23)
Integrating (23) we obtain
arctg
Fq(t)
|q|εq−1Rq(0) ≥ arctg
Fq(0)
|q|εq−1Rq(0) +
|q|+ 1|Rq(0)
εm
t,
and one an onlude that funtion Fq(t) beomes unbounded within a time later
then
T3 =
(
pi
2
− arctg Fq(0)|q|εq−1Rq(0)
)
εm
(|q|+ 1)Rq(0) .
If T ≥ piε2(|q|+1)Rq(0) (this is ondition (11)), then T > T3. If T < piε2(|q|+1)Rq(0) , then
for the implementation of inequality T > T∗, the value of Fq(0) should be bounded
from below by the onstant |q|δ, with δ indiated in (11 '), that is (10) should hold.
So, Theorem 1 is ompletely proved. 
However, it needs to point out that it may our that we annot find initial
data and onstants M ≥ 0, ε > 0, T > 0, q, suh that (10) holds. The following
proposition onerns with a neessary ondition of implementation of (10) for the
ase Qq(0) > 0.
Proposition 1. Let us suppose that the initial data and the onstantsM ≥ 0, ε > 0,
q < −n− 2γ−1 are suh that
1 +
εM
2E
− CGq(0)
2E
ε−(2+(q+n)(γ−1)) > 0,
(that is Qq(0) > 0). Let also ondition (10) hold.
8Then these onstants and the time T, when the ow is assumed smooth, obey the
following inequality
cth
(
(|q|+ 1)Rq(0)T
2εm
)
<
√
2mE
Rq(0)
. (24)
To prove the proposition we note that inequality (21) should be true at the zero
moment of time, too. Then, taking into aount (18), we get the following two-sided
inequality:
|q|εq−1Rq(0)cth
(
(|q|+ 1)Rq(0)T
2εm
)
< Fq(t) ≤ |q|dist(∂V(0), x0)q−1
√
2mE.
Comparing the left and right sides of the last inequality, we obtain
1√
2mE
cth
(
(|q|+ 1)Rq(0)T
2εm
)
Rq(0) <
(
ε
dist(∂V(0), x0)
)1−q
< 1,
it signifies (24). 
Remark 2. Neessary onditions, analogous to (24), for the ase Qq(0) = 0 and
Qq < 0, T <
piε
2(|q|+1)Rq(0) are
ε
(|q|+ 1)T
√
m
2E
< 1 (25)
and
ctg
(
(|q|+ 1)Rq(0)T
εm
)
<
2mE
Rq(0)
,
respetively.
Remark 3. Let us analyze inequality (24). We denote φ1(Rq(0)) := cth
(
(|q|+1)Rq(0)T
2εm
)
,
φ2(Rq(0)) :=
√
2mE
Rq(0)
. First of all, (24) implies an upper bound for Qq(0), sine
φ1(Rq(0)) → 1, and φ2(Rq(0)) → 0, as Rq(0) → ∞. For small Rq(0) (Rq(0) → 0)
inequality (24) signifies that
1 +
2εm
(1 + |q|)TRq(0) <
√
2mE
Rq(0)
,
or
Rq(0) <
√
2mE − 2εm
(1 + |q|)T .
The last inequality an be true only if
ε
T
<
(1 + |q|)√E√
2m
,
it implies inequality (25), that is natural.
Example. Let us onsider the simplest situation, where the veloity of flow is a
onstant vetor, the density and pressure are onstants. We suppose that the point
x0 is situated with respet to the volume V(0) suh that (V(0, x),x − x0) < 0. It is
easy to see that in this ase the left hand side of (10) is negative. Evidently that in
our situation T =∞. Above we pointed out that at a onstant pressure we an set
M = 0.
We restrit ourself by situations where Qq(0) < 0. In this ase, as follows from
(11), if the left hand side of (10) is negative, then the moving volume will attain
the ε  neighborhood of point x0.
9The alulation shows that for onstant values of veloity, density and pressure(
1 +
εM
2E
− |q + n− 2|CG
γ
q (t)
2E
ε−(qγ+n(γ−1))
)
≤ 1−A|q|γ
(
ε
d1
)γ|q|
ε−n(γ−1),
where a positive onstant A depends only on ρ0, P0, V0, n, γ, and d1 := sup
x∈V(0)
|x−
x0|. It is lear that εd1 ≤ εdist(∂V(0)) < 1. Therefore, if we require ondition
A|q|γ
(
ε
d1
)γ|q|
ε−n(γ−1) > 1, (26)
then Qq(0) will be negative. Condition (26) signifies
ln ε >
1
γ|q| − n(γ − 1) ln
(
d
γ|q|
1
A|q|γ
)
,
that is ε is suffiiently large.
From the other side, ondition (26) signifies that if the ratio
ε
d1
is not very small,
that is the moving volume is lose to the ε  neighborhood of point x0, then the
value in the left hand side of inequality (26) an be large for small ε, too.
So, if we do not want to miss in the progressive movement the ε  neighborhood
of the point x0, then we need to require initially the volume under onsideration
to be suffiiently lose to this neighborhood or the neighborhood to be suffiiently
large. We should get the same onlusion from elementary geometri onsiderations.
Remark 4. Funtionals Gq(t) an be used for another purposes. In partiular,
at q = 2 it is possible to apply them for investigation of properties of solutions to
equations of ompressible fluid with foring in several dimension, namely, for the
searh of suffiient onditions of a loss of smoothness by lassial solutions [5℄,[6℄,[7℄.
Besides, by means of these funtionals one an find asymptotis of the kineti and
potential omponents of total energy for a smooth flow of the ompressible fluid [8℄,
[9℄, and onstrut lasses of exat solutions for suh system of equations, as well
[10℄,[11℄,[12℄.
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